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THE CR PANEITZ OPERATOR AND THE STABILITY OF CR 
PLURIHARMONIC FUNCTIONS 

JEFFREY S. CASE, SAGUN CHANILLO, AND PAUL YANG 


Abstract. We give a condition which ensures that the Paneitz operator of 
an embedded three-dimensional CR manifold is nonnegative and has kernel 
consisting only of the CR pluriharmonic functions. Our condition requires 
uniform positivity of the Webster scalar curvature and the stability of the CR 
pluriharmonic functions for a real analytic deformation. As an application, we 
show that the real ellipsoids in C 2 are such that the CR Paneitz operator is 
nonnegative with kernel consisting only of the CR pluriharmonic functions. 


1. Introduction 

In this paper, we study two related questions about the CR Paneitz operator 
in dimension three, where this operator plays an important role in the embedding 
question. 

Throughout this paper, we use the notation and terminology in [1 3, unless other¬ 
wise specified. Let (M 3 , J, 6) be a closed three-dimensional pseudohermitian mani¬ 
fold, where 6 is a contact form and J is a CR structure compatible with the contact 
bundle £ = ker 6. The CR structure J decomposes £ (g> C into the +i- and -i- 
eigenspaces of J, denoted Ti i0 and T 0j i, respectively. The Levi form ( , ) L is the 
Hermitian form on Ti j0 defined by ( Z,W) Lg = —i(d.Q,Zf\W'). We can extend 
( , ) Lg to Top by defining (Z ,W) Lg = ( Z,W) Lg for all Z, W € Tqo- The Levi 
form induces naturally a Hermitian form on the dual bundle of Ti.o- denoted by 
( , ) L », and hence on all the induced tensor bundles. By integrating the Hermitian 
form (when acting on sections) over M with respect to the volume form dV = 6 Add, 
we get an inner product on the space of sections of each tensor bundle. We denote 
this inner product by ( , ). For example 

(1.1) = [ tfnjj dV, 

JM 

for functions and ?/>. 

The Reeb vector field T is the unique vector field such that 9(T) = 1 and 
dO(T, •) = 0. Let Z\ be a local frame of Ti q and consider the frame {T, Zi, Zj} of 
TM (g) C. Then j#,# 1 ,# 1 }, the coframe dual to {T, Zi,Zi}, satisfies 

(1.2) d9 = ihnd 1 A 6 l 

for some positive function /qj. We can always choose Z\ such that hi j = 1; hence, 
throughout this paper, we assume h x i = 1 
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The pseudohermitian connection of (J,0) is V on TM ® C (and extended to 
tensors), and is given in terms of a local frame Z\ E Tqo by 

VZ X = <V ®Z U VZ 1 = 9 I I ®Z I , VT = 0, 

where Oi 1 is the 1-form uniquely determined by the equations 

dd 1 = 0 1 A 01 1 + 0 At 1 , 

t 1 = 0 mod 0*, 

O = 0 1 1 +0 1 1 . 

9 \ 1 and r 1 are called the connection form and the pseudohermitian torsion, respec¬ 
tively. Put r 1 = A 1 id 1 . The structure equation for the pseudohermitian connection 
is 

dd i 1 = R0 1 A 9 l + 2zIm(A I 1 jd 1 A 0), 

where R is the (Tanaka-)Webster curvature. 

We denote components of covariant derivatives with indices preceded by a comma; 
thus we write A 1 1 fO 1 A 9. The indices {0,1,1} indicate derivatives with respect to 
{T, Z\, Zi}. For derivatives of a scalar function, we omit the comma; for example, 
given a smooth function <p, we write p\ = Z\p and <pii = Z 4 Z\ip — 9\(Zi)Zip and 
<Po = Tip. 

We recall several natural differential operators occurring in this paper. For a 
smooth function tp, the Cauchy-Riemann operator d b can be defined locally by 

d b ip = ip x 9 x . 

We write d b for the conjugate of d b - A function ip is called CR holomorphic if B b p = 
0. The divergence operator 6 b takes (l,0)-forms to functions by = cry 1 ; 

similarly, SbicriO 1 ) = cry 1 . 

The Kohn Laplacian on functions is 

□ 6 = 2&bdb- 

The sublaplacian is A b = Re □{, and the CR conformal Laplacian is L = — A&+R/4. 
Define 

(1.3) P 3 p= (<pi 1 i + iA 11 <p 1 ')9 1 . 

The importance of this operator is that the space V of CR pluriharmonic functions 
can be characterized as V = ker P 3 ; see [12]. 

The CR Paneitz operator P4, first introduced by Graham and Lee m , is 

(1.4) P 4 ip = 5 b {P 3 p) ■ 

Define Q by Qp = 2i(A 11 p\) . Using the commutation relation [□&,□;,] = 
4zImQ, we see that 

P 4 p = ^ (□(,□(, - 2 Q)p 

= p((U b a b + Dfcnft)^ + 8Im(A 1 Vi)i). 

Hence P 4 is a real and symmetric operator. It plays an important role in the em¬ 
bedding problem: whether the CR structure can be embedded into C" for some 
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integer n. Note that the leading order term of P 4 makes it a fourth order hyper¬ 
bolic operator, thus it is remarkable that it still displays properties of a subelliptic 
operator. 

Definition 1.1. A pseudohermitian manifold (M 3 , J, 9) has nonnegative CR Paneitz 
operator, written P 4 > 0, if 

(P 4 ip, ip) > 0 

for all smooth functions <p. 

In previous work [2] on the embedding problem, Chiu and the second two authors 
showed that three-dimensional CR manifolds with positive CR Yamabe constant 
and nonnegative CR Paneitz operator are embeddable in C n . As a partial converse, 
one would like to know if CR manifolds embedded in C 2 with some additional nice 
properties satisfy these nonnegativity conditions. Working in this direction, Chiu 
and the second two authors showed [3] that these nonnegative conditions hold for 
small deformations of a strictly pseudoconvex hypersurface with vanishing torsion 
in C 2 . 

Another question concerning the CR Paneitz operator is the identification of its 
kernel. It follows from its definition that, on a three-dimensional CR manifold, the 
space of CR pluriharmonic functions is contained in the kernel of the CR Paneitz 
operator. Moreover, Graham and Lee showed [7! that if a three-dimensional CR 
manifold admits a torsion-free contact form, then the kernel of the CR Paneitz 
operator consists solely of the CR pluriharmonic functions. One would like to 
characterize CR manifolds for which this equality holds. Since there are known 
non-embedded examples for which the equality does not hold [ 2 ], we restrict our 
attention to embedded CR manifolds. Motivated by this problem, Hsiao showed [9] 
that for embedded CR manifolds, there is a finite-dimensional vector space W such 
that the kernel of the CR Paneitz operator P 4 splits in the Folland-Stein space S 2,2 
as a direct sum, 

(1.5) kerP 4 =P®W. 

For an elementary proof, see Lemma [2721 Generic results about the existence of W 
may be found in pT. 

We need one more definition before we can state our main result: 

Definition 1.2. The space of CR pluriharmonic functions is stable for the one- 
parameter family (M 3 , J 4 , 9) of pseudohermitian manifold if for every <p £ V* and 
every e > 0, there is a <5 > 0 such that for each s satisfying \t — s[ < <5, there is a 
CR pluriharmonic function f s £ V s such that 

Wv-fsh <£• 

Theorem 1.3. Let(M 3 ,J t ,9) be a family of embedded CR manifolds for t £ [—1,1] 
with the following properties. 

(1) J 4 is real analytic in the deformation parameter t. 

(2) The Szego projectors S 4 : F 2,0 —> (ker §1 C F 2,0 ) vary continuously in the 
deformation parameter t (see Section^ for a definition of F 2 ’ 0 ). 

(3) For the structure J° we have P 4 > 0 and kerPj = V°, the space of CR 
pluriharmonic functions with respect to J°. 

(4) There is a uniform constant c > 0 such that 

(1.6) inf min R f > c > 0. 

te[-i.i] m 
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(5) The CR plurihcirmonic functions are stable for the family (M 3 , J 4 , 9). 

Then P 4 > 0 and ker P 4 = P 4 for all t £ [—1,1], 

Remark 1.4. The assumption (11.61) can be replaced by the assumption that the CR 
Yamabe constants Y[J 4 ] are uniformly positive. Since the assumptions on the CR 
Paneitz operator are CR invariant [ 8 ], this allows us to recast Theorem 11,31 in a CR 
invariant way. 

As an application, consider the family of real ellipsoids in C 2 as deformations 
of the standard CR three-sphere. The formula established in [TUJ Theorem 1] 
expressing the Szego kernel in terms of the defining function implies that condition 
(2) holds. Since the standard contact form on the CR three-sphere is torsion- 
free, its CR Paneitz operator is nonnegative and has kernel consisting only of the 
CR pluriharmonic functions J7]. An elementary calculation [3] shows that the real 
ellipsoids have positive Webster scalar curvature, and thus satisfy condition (4) of 
Theorem II.31 The condition (5) then follows from the stability results of [2, 13:. 

Corollary 1.5. The real ellipsoids in C 2 are such that the Paneitz operator is 
nonnegative and has kernel consisting only of the CR pluriharmonic functions. 

2. The proof of Theorem 11.31 
The proof of Theorem 11.31 is based on a continuity argument. Let 

(2.1) S = {t£ [-1,1]: P 4 4 > 0 and kerP 4 4 = P 4 } . 

By hypothesis, 0 £ S. Our goal is to show that S is open and closed, whence 
S = [— 1,1]. To do so requires a number of new estimates for deformations of CR 
structures. 

Many of our estimates do not require the assumptions of Theorem 11.31 In par¬ 
ticular, the assumption that J 4 is real analytic in t is only used to prove that S is 
open, while the continuity of the Szego projectors is only used to prove that S is 
closed. With the expectation that our estimates will be useful in other contexts, 
we isolate them below with the minimal required hypotheses. 

We begin by developing the framework from which we will show that the set S 
is open. The first ingredient we need is the following subelliptic estimate for P 4 for 
functions in P^ which is uniform in 

Ai (□;,) := inf \8bu\ 2 : J u 2 = 1 and u £ S 1,2 D (ker d;,) ± | . 

Note that Ai (□&) need not be positive for an arbitrary closed pseudohermitian 
manifold, though it is positive when the manifold is also embeddable HU. Our 
estimate improves a result of Saotome and Chang nu. 

Lemma 2.1. Assume that (M 3 ,J 4 ,0) is a family of pseudohermitian manifolds 
such that for all t it holds that 

(2.2) Ai pi) >c> 0. 

Then for f £ Sf' 2 DP 1 , there exists a constant Ci > 0, independent oft, such that 

( 2 - 3 ) cMs^<\\Plfh + \\fh 

for S 4 ' 2 the Folland-Stein space defined in [5]. 
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Proof. Since / T V f , it also holds that / T kerc^; i.e. / is perpendicular to the 
anti-CR functions. We can then find a solution if to the equation O b if = /. Let h 
be an anti-CR function. Then 

(Dlf,h) = (p0 b if,h) 

= (if, (□£□$ - 2 Q 4 ) h) + 2 (if,Q\) 

Recall that 4 P\ = — 2 cf. Since h is an anti-CR function, h G kerPj. Thus 

(D t J-2Q t if,h)=0 

for every h £ ker df,. 

Next, since / _L V*, it also holds that / _L ker d b . From the assumption (12.21) . it 
follows that 

cill/Hs 4 ' 2 < IPb/lls 2 > 2 + ll/lb 

for a constant C\ > 0 independent of t (cf. ]3j). Therefore 

(2.4) ci\\f\\s 4 ’ 2 (M) < IP If ~ 2Q t if\\ s ^ + WQ^Ws 2 ' 2 + ll/lb. 

Since □£/ — 2Q t if is orthogonal to the anti-CR functions and since the assump¬ 
tion ( 12 . 21 ) yields the same uniform lower bound on Ai(□[,), it follows that 


(2.5) 


C 2 IP If - 2Q l if\ 


S 2 ’ 2 — 


□I (ay - 2 qV) 


ay - 2 Qfif 


for a constant C 2 > 0 independent of t. Combining (12.41) and (12.51) we find a constant 
C 3 > 0 , independent of t, such that 


( 2 . 6 ) 


C3 


ls 4 > : 


< P1/L + 


Q f f 




S 2 ’ ; 


ls 2 > 


+ 


Since Q l is a second-order operator, we have that 


||OV|| 2 ^ 11 b 11 S 2 ' 2 + II PIP 

for any function cf. On the other hand, the definition of if gives 


c IPIIs 4 - 2 — ll/lls 2 ’ 2 + II/II 2 

for a constant c > 0 independent of t. Inserting these two estimates into (12.61) yields 
a constant C 4 > 0 , independent of t , such that 

(2-7) c 4 ||/|| s4 , 2 < ||i^/|| 2 + ll/lls 2 - 2 + ll/ll 2 - 

Next, an interpolation inequality in mug shows that for any e > 0 , there is a 
constant C = (7(e) > 0 such that 

(2-8) ll/lls 2 , 2 <PI/|| S 4 , 2 +CJ/|| 2 • 

Combining m and (12.81) with e sufficiently small yields the conclusion. □ 

From Lemma O we recover the decomposition m of the kernel of the CR 
Paneitz operator. 

Lemma 2.2. Let ( M 3 ,J,d) be an embedded CR structure. Then 

ker P 4 = V (BW 

in S' 2,2 , where dim W < 00 . 
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Proof. Consider the constant family (M 3 , J 4 , 9) of pseudoliermitian manifolds with 
J 4 = J for all t. Since (M 3 , J, 9) is embedded, the assumption (12.21) holds [IT] . Let 
W consist of all elements / £ kerP4 such that /IP. From Lemma [2. II and a 
simple density argument we see that, for any / £ W, 

\\f\\s^<c\\fh. 

Thus the unit L 2 - ball in W satisfies ||/||s4,2 < c. Hence, by the Rellicli lemma, the 
unit L 2 -ball in W is compact, whence W is finite-dimensional. □ 

Definition 2.3. Let (M 3 , J, 9) be an embedded CR structure. The supplementary 
space W is the subspace from Lemma 12.21 

We now show that S is open. 

Proposition 2.4. Let (M 3 , J*,9) be a family of embedded CR manifolds satisfying 
hypotheses (1), (3), (4), and (5) of Theorem \1.3\ and defineS by (12.11) . Then S is 
open. 

Proof. Let to £ S. Thus P\° > 0 and kerP^ 0 = V to . Since the CR pluriharmonic 
functions are stable and the CR structures J 4 are real analytic in t, we may apply [3J 
Theorem 1.7] to conclude that there is a constant S > 0 such that for any t with 
\t — to\ < S, it holds that 

(2.9) P 4 4 > 0. 

Note that the assumption in ]3] Theorem 1.7] that the deformation consists of 
manifolds embedded in C 2 was only used to invoke Lempert’s stability theorem [133 
for CR functions. Thus the conclusion of [3] Theorem 1.7] holds by replacing 
the assumption that the manifolds are embedded in C 2 by the assumption, as in 
Theorem II.31 that the CR pluriharmonic functions are stable. 

To complete the proof, we must show that for \t — to| <5, it holds that ker Pj = 
P 4 . Since our structures are embedded, Lemma 12.21 implies that the supplementary 
space W* is finite-dimensional. By (12.91) and the assumption that R f is uniformly 
bounded below by a positive constant, the main result of [2] implies that there is a 
constant c > 0, independent of t, such that 

Ai (D 4 ) > c. 

Thus the assumptions of Lemma 12.11 hold. 

Suppose to the contrary that it is not true that W* = {0} for all \t — to I < d. 
Let ft k £ W tk be such that |||| 2 = 1 and tk —> to. Since f tk T P 4fc , Lemma l2Jl 
implies that ||/ tfc ||g4,2 < c. Thus, by the Rellich lemma, there is a function f 0 £ S 4,2 
such that ||/o||2 = 1 and f tk —>• fo strongly in L 2 . Since P\ k f tk = 0, we have that 
Pl° fo = 0. Hence, by the assumption t 0 G <S, we have that f 0 £ P 4 °. By the 
stability assumption, give e > 0, there is a constant di > 0 such that for all t 
satisfying \t — to] < 5i, there is a function ip t £ P 4 such that 

(2.10) ||/o-^|| 2 <e. 

Hence 

(2.11) 1 = H/ 0 II 2 = (fo-iptkJo) + (ipt k ,fo ~ ft k ) + (i’tkJtk)- 

That ft k £ W tk and if tk £ V tk implies that (ipt k ift k ) = 0. On the other hand, 
(12.101) implies that ||^ tfc ||2 < C. Inserting these into (12.111) and recalling that 
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II/0II2 = 1 yields 

i<||/o-^J |2 + q|/ tfc -/o|| 2 . 

Letting tk —> to thus yields the desired contradiction. □ 

Remark 2.5. The assumption that ■J t varies real-analytically in t is only utilized to 
show that S is open. It enters only because we use 0 Theorem 1.7]. 

We now need to establish that S is closed. We begin with a preliminary lemma. 

Lemma 2.6. Let (M 3 , J t ) 9) be a family of CR structures with uniformly positive 
Webster scalar curvature. Let { t n 1$^ be such that T )f A " > 0 and suppose that 
t n —> to. Then 

(1) Pl° > o. 

(2) lim sup dim W tn < dim W to . 

tn —>to 

Proof. First, since t n € S, it holds that (Pl n ip,ip) > 0 for any smooth real-valued 
function ip. The Dominated Convergence Theorem yields the first claim. 

Next, as in the proof of Proposition 12.41 the main result of [2j yields a constant 
c > 0 , independent of t n and to, such that 

Ai (□*") > c. 

Thus, by Lemma l2Jl there is a constant c > 0, independent of t n , such that 
( 2 - 12 ) c||/|| S 4. 2 < ||Pi-/|| a + ||/|| 2 

for all / J_ V tn . Set 

lim sup dim W tn = N, 

tn — >t 0 

where N £ N U {0, oo}. Let s £ N be such that s < N. By taking a subsequence 
if necessary, we may suppose that dim W t ’ 1 > s for all n. Let {fj n }j =1 be an 
orthonormal (with respect to the L 2 -metric) set of functions in W tn . From (12.121) 
we conclude that ||/ J - n ||g 4 , 2 < c for some constant c, independent of t n . Hence the 
Rellich lemma implies that there are functions f® € S A ’ 2 such that 

\\f-"-f°h^o 

as t n —> t 0 for all j £ {1,2,..., s}. Moreover, that {/*"}y =1 is orthonormal in 
W tn implies that {fj} are orthonormal in kerP* 0 . Indeed, by using the stability 
assumption as in the proof of Proposition ^. 41 we see that {/°}j =1 are orthonormal 
in W to . Hence 

(2.13) s < dim W to . 

Since s < N is arbitrary, this yields the desired result. □ 

Following Rumin nn and Garfield and Lee [B], we now consider the (bigraded) 
Rumin complex. To that end, let E :l,k for 0 < j + k < 1 and F e ’ m for 2 < £ + m < 3 
be the vector bundles 

P°'° = (1), 

P 0 ’ 1 = (6d), 

F 1 ' 1 = (6 l Ad), 


P 1 ’ 0 = (0 1 ), 
P 2 - 0 = (e 1 AO) 
P 2 ’ 1 = (0 A dO) 
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where (9 1 ) denotes the span of 0 1 as a C°° (M; C)-module. The Rumin complex is 
the bigraded complex 


(2.14) 



where d' = db, d" = db , and the operators D', D", and D+ are the second order 
operators 

(2.15a) D'{a\9 1 ) = (—ioyn — <xi,o) 9 1 A 9 , 

(2.15b) D'\a 10 1 ) = (-iffiji - Mivi) A 9, 

(2.15c) D'(a\9 *) = [ic t\h — crj o) 9 3 A 9, 

(2.15d) D + (ai9 l ) = (*oi, n - A n ai) 9 1 A 9. 

(12.14p is a bigraded complex in the sense that sums of compositions with the same 
domain and codomain vanish. For example, D'd' + D + d" = 0. 

We will use the Rumin complex to obtain a new characterization of the CR 
pluriharmonic functions. First recall that V = kerP 3 for P 3 as in m- We then 
rewrite P 3 in terms of the operators appearing in (12.1411 . 

Lemma 2.7. Let (M 3 7 J 7 9) be a pseudohermitian manifold. Identify E 1,0 = P 2,0 
via 9 1 = 9 1 A 9 and identify E 0,0 = P 2,1 via 1 = 9 A d9. Then 

P 3 = - iD+d ", 

P 4 = -id" D+d". 


Proof. From (12.15dl) we compute that 

—iD+d" = fin + iAnfi, 

establishing the first claim. This and the definition P 4 = dbP^, yields the second 
claim. □ 


Our goal is to give an alternative description of the finite-dimensional supple¬ 
mentary W l in terms of the range of Pj in (]2.14p . 

Lemma 2.8. Let (M 3 ,J,9) be a pseudohermitian manifold and let W be the sup¬ 
plementary space. Then 

W = kerd" n im D+d" C P 2 ’ 0 . 


Thus 

W = ker d" O im P 3 C P 2 ’ 0 . 

Proof. Let 4>: W —> ker d" fl imP 3 C P 2,0 be the map $(/) = Ps(/). Note that 
d"Psf = Pif = 0 since / £ W, and so $ is well-defined. 

To see that $ is surjective, let u £ ker d" 0 imP 3 . We may thus find a function 
h £ E 0,0 such that u = Tfji. By the assumption on u, we have that h £ kerP 4 , and 
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hence we may write h = <f + if for <f> G V and if G W. Since <f> G kerP 3 , we have 
that 

u = P 3 h = P 3 if. 

Hence <f> is surjective. 

To see that is injective, assume P 3 w 3 = P 3 w 2 for w\,w 2 G W. Then P 3 (w 3 — 
w 2 ) = 0. Thus w\ — w 2 G V fl W, whence W\ = w 2 . □ 

Now set 

F 4 := ker d* b n im P 3 4 C F 2 ’ 0 . 

By Lemma 12.81 we have that 

(2.16) dim F 4 = dim W*. 

We then have the following lemma. 

Lemma 2.9. Let ( M 3 ,J t ,0) be a family of embedded CR structures such that J 4 
is C 6 in the deformation parameter t and the Szego projector S 4 : F 2,0 —>• ker d" is 
continuous in the deformation parameter t. Then dim F 4 is a lower semi-continuous 
function of the deformation variable t. 

Proof. Let S 4 denote the Szego projector in F 2,0 . Consider the linear operator 

A* := S 4 oP‘. 

As a consequence of Lemma 12.21 and (12.1611 , we have that rank A 4 = dim F 4 < 
oo, and hence the range of A 4 is finite-dimensional. By hypothesis, S l and Pg 
are continuous in t. We conclude that for fixed sections <p G C 3 (M-,C) and 'if G 
L 2 (M; (F 2,0 )*), the function 

h(t) := (A 4 (v5), if) 

is continuous. We now show that rank A 4 is lower semi-continuous. To prove this 
fact, it suffices to show that 

G = {t G [—1,1]: rank A 4 > a} 

is an open set for any a. Fix a and let t 0 G G. Set s = rankA 4 °, so that a < s < oo. 
Thus we can find functions {}f = i and functionals {tfi}f =1 so that the s x s-matrix 
( hij(to )) with entries 

hij{t 0 ) = (A to <fi,ifj) 

satisfies 

det (hij(t 0 )) ^ 0. 

Since h(t) is continuous, there is a constant 6 > 0 such that for any t with |f— 1 3 \ < S 
it holds that 

det ( hij(t )) ^ 0. 

Hence rank A 4 > s > a; i.e. G is open. □ 

Corollary 2.10. Let (M 3 , J 4 ,0) be as in Lemma \2.9l Then dimW 4 is a lower 
semi-continuous function oft. 

Proof. By (12.161) we have that dimW 4 = dirnF 4 . The result then follows from 
Lemma 12.91 □ 

Proposition 2.11. Let (M 3 , J 4 ,0) be a family of embedded CR manifolds satis¬ 
fying hypotheses (2) and (3) of Theorem 11.,91 Suppose also that J 4 is C 6 in the 
deformation parameter t. Define S by E3D- Then S is closed. 
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Proof. Let t n G S with t n —> to- From Corollary 12.101 we have that 

dim W to < lim inf dim W tn . 

tn — >t 0 

Since t n £ S, we have that dim W tn = 0 for all n. Thus dim IT* 0 = 0; i.e. 
kerP^ 0 = V to . It follows easily that to £ S. □ 

Proposition 12.41 and Proposition 12.111 together prove Theorem 11.31 
3. The proof of Corollary 11.51 

As discussed in the introduction, a calculation from [3] and stability results 
from Emm show that real ellipsoids in C 2 , viewed as deformations of the standard 
CR three-sphere, satisfy conditions (1), (3), (4) and (5) of Theorem 11.31 The 
continuity of the Szego projectors S l : F 2,0 —> ker fy for this family follows from 
results of Kerzman and Stein jlOl , as we now explain. 

Let fl C C 2 be a strictly pseudoconvex domain with boundary M = dfl and let 
H: M x M —> C be the Henkin-Ramirez kernel. Define the operator H: L 2 (M) —>■ 
L 2 (M) nker<9 6 by 

Hm(w) = / H(w, z)u(z) da z . 

Jm 

Let A = H* — H. From the reproducing properties of H and the Szego projection 
S , Kerzman and Stein observe that the Szego projection S can be written 

S = H(I - A) -1 ; 

see m (3.4.7)]. Thus the continuity of the Szego projector follows from the conti¬ 
nuity of the Henkin-Ramirez kernel. Finally, [10, Theorem 1.3.1] implies that the 
Henkin-Ramirez kernel is continuous for families of real ellipsoids in C 2 . 

Suppose now that u> is an L 2 section of F 2,0 . Since fl C C 2 , we can choose 
a global frame and thus consider / = LzPtW G Li 2 . That is, w = fO 1 A 9. 
Then S(f) £ ker fy. From the structure relations d.0 = ih^d 1 A 0 1 and dO l = 
9 1 A wi 1 — A 9, we observe that 

S{u) := 5(/)0 1 A 9 

is <9b-closed. It follows readily that S: F 2,0 ker db is an orthogonal projection; 
i.e. S is the Szego projector of Theorem 11.31 It then follows from the previous 
paragraph that the real ellipsoids also satisfy condition (2) of Theorem 11.31 and 
hence the conclusion of Corollary II.51 holds. 
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